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Motivated by measurements on stretched double-stranded DNA in the presence of multivalent cations, we
develop a statistical mechanical model for the compaction of an insoluble semiflexible polymer under tension.
Using a mean-field approach, we determine the order of the extended-to-compact transition and provide an
interpretation for the magnitude and interval of tensions over which compaction takes place. In the simplest
thermodynamic limit of an infinitely long homogeneous polymer, compaction is a first-order transition that
occurs at a single value of tension. For finite length chains or for heterogeneous polymers, the transition
progresses over an interval of tension. Our theory provides an interpretation for the result of single-molecule
experiments in terms of microscopic parameters such as persistence length and free energy of condensation.
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I. INTRODUCTION

Despite the biological importance of counterion-induced
DNA condensation in the packaging of genomes, the physi-
cal mechanisms of this process remain controversial; pro-
posed mechanisms range from complementary ordering of
counterions along the helical backbone of DNA �1–3�, to
correlations between strongly coupled counterions �4–6�, to
counterion-induced cohesive hydration forces �7–9�. Within
this context, single-molecule stretching experiments �10,11�
have emerged as a powerful tool to probe the magnitude of
condensation energies and to discriminate between alternate
theories �12–17�.

In these measurements, a well-defined tension is applied
to the ends of a single double-helical DNA molecule bathed
in a solution containing multivalent counterions �Fig. 1�. Un-
der large tensions ��10 pN�, the DNA remains stretched
and shows force-extension characteristics consistent with a
wormlike chain, albeit at persistence lengths smaller than are
typically observed in the presence of monovalent ions. At
some tension, typically between 0.1–5 pN, the DNA under-
goes an abrupt and progressive collapse to “condense” into a
compact structure with greatly reduced end-to-end length.
The molecule remains collapsed under lower applied forces.

In this paper, we develop a statistical mechanical frame-
work for interpreting the magnitude and interval of the
extended-to-condensed transition of single stretched DNA
molecules condensed by polyvalent cations. We achieve a
clear interpretation of the experimental results in terms of the
underlying molecular parameters such as condensation free
energy, persistence length, and total DNA length.

In the simplest thermodynamic limit of an infinitely long
chain and homogeneous condensation free energies, compac-
tion is a first-order transition that occurs at a single force that
is nearly equal to the free-energy per unit length of conden-
sation. This is equivalent to the interpretation given previ-
ously for the results of single-molecule stretching experi-
ments �18,19�. Recent experiments with DNA condensation
�see, e.g., �1�� and measurements of interactions between

short DNA segments �20,21� suggest that interaction free en-
ergies may be weakly sequence-specific. For this reason, we
also consider chains with heterogeneous interaction energies.
This effect and the finite length of polymer chain result in a
condensation transition over a finite range of forces. We
compare our theoretical results with single-molecule mea-
surements.

II. FREE ENERGY FOR POLYMER MODEL

We assign each segment l̃ of the polymer �i.e., each per-
sistence length� either to a globular �condensed� or to a
coiled �extended� region; interactions between regions are
neglected. The state of this system may then be described by

a set of �gi ,ci� variables, where gi is the length �in l̃ units� of
the ith globular region, and ci is the length �in the same
units� of the ith coil region �Fig. 2�. Both coiled and globular
regions are considered as a wormlike chain �WLC�.

The free energy for each globular region can be calculated
in a manner identical to that in Ref. �22�,

Fgi
� Ggi + Gs

Riri

d2 + kBT
l̃2gi

Ri
2 , �1�

where G is the free energy of intersegment interaction per
persistence length. Because of the multivalent ion-mediated
attraction in condensed DNA, G�0. In the absence of
stretching forces, this self-attraction causes DNA to condense
into an insoluble phase. The second term takes into account
the surface tension or energy of exposing the surface of the
toroidal globule to the bath; Ri is the outer and ri the inner
radius of torus; Gs, the surface tension. The third term is the
free energy of elastic bending of a stiff chain, where L is the
contour length of macromolecule and d is the chain diameter.
Sizes of each globular region are considered to satisfy the
equation
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l̃gid
2 � Riri

2. �2�

This simply means that the volume l̃gid
2 of condensed poly-

mer in each globule is equal to the volume Riri
2 of the glob-

ule treated as a torus.
Now we derive an expression for the free energy of the

coil part of the chain. We need to estimate the free energy of
the WLC at a given value of extending external force f . As f
is the parameter under control, the chain end-to-end distance
x becomes physically observable quantity, conjugated to the
force f ,

x =
� ln ZL

���f�
, �3�

where ZL is the partition function of WLC of length L. �
=1 / �kBT� is the inverse temperature. To estimate the free
energy of a WLC at a given f , we define the Legendre trans-
form as

�� x

L
	 = −

�

L
Fcoil�L, fL�x�� − �f

x

L
, �4�

where Fcoil�L , fL�x��=−kBT ln ZL�fL�x��. fL�x� is defined im-
plicitly in Eq. �3� and corresponds to the force-extension
expression derived by Marko and Siggia �23� for a WLC. In
terms of the Legendre transform, the free energy of the
coiled region at the given value of f can be written

Fcoil�L, f� = 

0

x

dx�fL�x�� − fx = −
TL

4l̃
� x

L
	2� 1

�1 − x/L�2 + 2� ,

�5�

where x is defined by the Marko-Siggia expression f = fL�x�
for given f , l̃ and L. This is identical to the expression used
by Blumberg et al. �24�. The first term is the potential energy
stored in the stretched polymer chain. The second term is the
reversible work done against the constant force f . Thus, the

free energy of the extended coil of the length Li containing ci

monomers of length l̃ is equal to

Fci
= Fcoil�Li, f� = − ci f̃ , �6�

where f̃ =
kBT
4 � x

L �2� 1
�1−x/L�2 +2�.

Now that we have estimates for the free energies of coiled
and globular regions, we can write the total free energy for
the polymer of alternating condensed and extended regions,
�gi ,ci�, as the sum of corresponding free-energy terms Fgi
and Fci

from Eqs. �1� and �6�

F�gi,ci;Ri,ri�
kBT

= 

i=1

n

gi� G

kBT
+

l̃2

Ri
2� + 


i=1

n � Gs

kBT

Riri

d2 − ci f̃� .

�7�

In the last equation the free energy of the given state
�gi ,ci ;Ri ,ri� is calculated as additive contributions of re-
gions. We consider condensation under an external stretching
force that substantially hinders the long loops formation.
Thus, the direct interaction between globular and coiled re-
gions can be neglected. The partition function of the system
with free energy given by Eq. �7� can then be written as

ZN = 

n



�gi,ci�

�
i=1

n 
 dRidri��l̃gid
2 − Riri

2�

�exp�− �F�gi,ci;Ri,ri�� . �8�

Here the � function takes into account the normalization con-
dition �2�. Thus, we have two groups of degrees of freedom,
�gi ,ci� and �Ri ,ri� which are realized together at the thermo-
dynamic equilibrium. In the mean-field approximation all the
regions, enumerated by i=1, . . . ,n are equivalent to each
other. In the case of long chains, we can assume uniform-
sized globules, Ri=R and ri=r. This apparently restricts the
number monomers in each globule, but on the mean-field
level, where the �gi�=�g �i=1, . . . ,n� this approximation is
adequate.

III. THEORY

Thus, the partition function of the system with free energy
given by Eq. �7� can be estimated in the mean-field approxi-
mation as

ZN = 

n



�gi,ci�

exp�− �FR,r�gi,ci�� , �9�

where FR,r�gi ,ci�=F�gi ,ci ;Ri=R ,ri=r�.

FIG. 1. Double-stranded DNA stretched in the presence of mul-
tivalent cations: at large stretching forces the DNA remains in an
extended configuration that follows the wormlike chain model �dash
line�. At decreased force, the DNA condenses and the end-to-end
distances rapidly decreases, departing from wormlike chain predic-
tion. The critical force at which the extended-to-condensed transi-
tion takes place fc can be measured from experiments.

ci

g
i

f

2R

r

FIG. 2. Schematic representation of the partly ordered dsDNA
under stretching: ci is the number of monomers in the ith coiled
subchain and gi the number of monomers in the ith condensed
subchain. R is the external and r the internal radius of the globule.
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Equation �7� parameterizes the free energy of a stretched,
self-attracting WLC in terms of the population of globular
and coiled regions �gi ,ci�.

Suppose that any microstate of the system under consid-
eration can be represented as a sequence of ordered �in our
case, globular� �g� and coiled �c� phases. We can reformulate
our problem on the language of the Zimm-Bragg parameters
s and �, widely applied to describe temperature driven helix-
coil transitions �25,26�. s governs the ordered phase growth,
while � reflects the cooperativity of transition. The Zimm
and Bragg parameters in our case will depend on the mean
dimensions or toroid R and r and, subsequently, on the mean
length of the globular domain. The partition function �9� of
the system with free energy given by Eq. �7� becomes

ZN = 

n



�gi,ci�

s̃Ng�̃n, �10�

where

s̃ = exp�− �G − f̃ −
l̃2

R2� ,

�̃ = exp�− �Gs
Rr

d2 �;

Ng = 
i=1

n
gi. �11�

The main measurable quantity, in analogy with the tradi-
tional helix-coil description “degree of helicity,” is the “de-
gree of condensation,”

	 =
�Ng�

N
. �12�

Another quantity is the mean length of ordered �con-
densed in our case� region �g, estimated in the Zimm-Bragg
theory for homogeneous chain as �26�

�g = �gi� �
1

��̃
. �13�

Thus, in the mean-field approximation we need to minimize
the free energy of the system by parameters R and r using the
“normalization” condition �2�, where gi can be substituted by
its mean value �gi�=�g.

The Zimm-Bragg language has been successfully applied
to many types of conformational transitions. For instance, it
was recently used for the description of stretch-induced DNA
melting �27� as well as for the torque-induced B-P transition
in dsDNA �28�. Now, having established relation between
DNA condensation under tension and the Zimm-Bragg pa-
rametrization, we can use known methods to investigate the
state of the system under various stretching forces.

A. Transition point and interval: homogeneous infinite chain

We first consider the simplest thermodynamic limit of an
infinitely long homogeneous chain. Applying the generating
function analysis in thermodynamic limit, a discontinuity in

degree of compaction is found �for details see Appendix A�,
indicating that it is a first-order phase transition; expressions
for the transition point and interval are as follows:

f̃�fc��N→
 = − �G , �14�

� f̃�f��N→
 = 0. �15�

We conclude that in the N→
 limit the transition point is
uniquely defined by the effective energy G of attraction be-

tween DNA segments and by the persistence length l̃. In this
limit, the system can form a globule of infinite radius, while
maintaining an infinite volume-to-surface ratio. Conse-
quently, neither the bending nor surface terms play any role.
Therefore, in experiments with long DNA the measured criti-
cal force fc reflects only the strength of DNA-DNA attraction
and the potential energy of the stretched WLC. When the
force drops below the condensation free-energy per unit
length minus the potential-energy per unit length of the
WLC, the chain collapses completely.

First-order phase transitions are not expected for systems
with one spatial dimension �29�. While our system is param-
eterized along a single axis �distance along the chain� the
interface between two phases c and g is not pointlike, but is
at the surface of globula. The statistical weight of this inter-
phase junction, defined by Eq. �11� tends to the limit �̃→0
in the thermodynamic limit at the critical force fc. Hence,
while the system is parameterized along a single dimension,
a phase transition of the first order is still possible. First
order is still possible with helix-helix attraction.

The phase behavior of the model with free energy Eq. �7�
can be qualitatively compared with those for the widely in-
vestigated Poland-Scheraga model �30–33�. The statistical
weight of the one elementary coil-helix pair is equal to

w�g ,c�=sg exp�cf̃�exp�−�ln ���g� in Eq. �A3�, while the
analogous statistical weight for the Poland-Scheraga model
is w�g ,c�=sg� exp�−� ln c�. The order of the phase transi-
tion is governed mainly by the nonadditive term assigned to
the �c−g� phase boundary. Recall that, for ��2 the Poland-
Scheraga model exhibits the phase transition of first order,
while for 1���2 the transition becomes second order. The
power-law dependence of free-energy ��g is sharper than
logarithmic, thus ensuring the condensation transition to be
of first order.

B. Transition point and interval: homogeneous finite chain

To study finite chain length effects, we apply the mean-
field approximation, in a way, similar to what had been done
for the free energy of the Zimm-Bragg model �34�

− �FN � max
n,Ng,R,r

�Ng ln s̃ + n ln �̃ + ln 
N�n,Ng�� , �16�

where 
N�n ,Ng� is the number of ways to arrange coiled and
globular regions, 
igi=Ng and 
ici=N−Ng. We maximize
Eq. �16� using undefined Lagrange multiplier method with
the normalization condition �2� �for details see Appendix B�.
Different from the usual cooperativity parameter of helix-
coil transition, the parameter �̃ is dependent on the mean
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dimensions of torus �R and r� and changing with the growth
of the globular phase. However the interval of transition is
defined mainly by the cooperativity parameter at the mid-
point of transition and, therefore, can be approximately con-
sidered as constant. Compared with the infinite chain case
�Eqs. �14� and �15��, the transition shifts to a lower force,

f̃ c � − �G − �4/5N−2/5, �17�

and acquires a finite interval �26�

� f̃�f� � ��̃ �
1

N
, �18�

where �=�Gs
l̃
d . The lowered force reflects a decrease in the

free energy of the condensed state due to bending and sur-
face tension of the finite sized condensate. The finite interval
for the transition means that the transition for the finite
length homogeneous chain is not strictly first order. How-
ever, Eqs. �13� and �18� indicate that the mean length of
globular regions is comparable with the chain length and that
there should only be a small number of globular regions in
the stretched homogeneous chain. This will tend to minimize
the contribution of bending and surface tension.

C. Transition point and interval: heterogeneous chain

We consider condensation under an external stretching
force that substantially hinders the formation of long loops.
That is why the impact of interactions between different
globular regions to the free energy is negligible. Thus, con-
densation of the given ith globule involved only segments
neighboring along the chain. According to the proposed
model, condensation of homogeneous DNA exhibits an
abrupt, single-step condensation curve, 	 vs f . However, re-
cent experiments have demonstrated heterogeneity in the in-
teractions between different DNA sequences. To consider the
potential impact of this on single-molecule DNA condensa-
tion experiments we also consider a polymer chain with het-
erogeneous interaction strength. We assume that the free en-
ergy of domain condensation behaves as a local sequence
property in order to consider it in a framework similar to that
of the Zimm-Bragg theory.

In the Zimm-Bragg formalism, heterogeneity is incorpo-
rated via parameters s̃ �see Eq. �11�� that are different for
different types of monomers along the chain �for details see
Appendix C�. We assume that the free energy of the extended
coil is sequence independent. Taking into account Eq. �11�,
the midpoint of transition is found as

f̃�fc� = − ��G�seq −
l̃2

R2 , �19�

where �G�seq is the average free energy of intersegment at-
traction per persistence length and R is the mean value of the
large radius of toroid. This indicates that the DNA stretching
experiments measure a sequence-averaged free energy of
condensation �G�seq. Following the approach described in
�26,34� the interval of transition for heterogeneous chain can
be estimated as �see Appendix C�

� f̃�f� � 
2���G�2 1

�ln �̃�
, �20�

where 
2 is variance of homological sequences distribution
in the chain and �G is variation of the intersegment interac-
tion free energies. Taking into account Eq. �18�, cooperativ-
ity parameter scales with chain length as �̃�N−2, and the
interval of transition is �see Eq. �20��

� f̃�f� �
1

ln N
. �21�

Compared with Eq. �18� for the homogeneous chain, the in-
terval of the transition for the heterogeneous chain converges
much more slowly to the thermodynamic limit than for ho-
mogeneous chains �1 / ln N vs 1 /N�. Heterogeneous chains
also have a shorter average length per globule �or, equiva-
lently, more globules per chain� and the mean length of
globular region at the midpoint of transition is �34�

�g �
�ln �̃�2


2���G�2 � �ln N�2. �22�

A similar logarithmic dependence for the mean length of
bubble has been obtained recently for twist-induced DNA
denaturation in random sequences and for the binding tran-
sition �35,36�. The mean value of the large radius of toroidal
domain R scales with length of domain as R��g

1/5 �see Eq.
�B8��. Taking into account Eqs. �19� and �22�, the midpoint
of transition is finally found as

f̃�fc� = − ��G�seq − �4/5�g
−2/5 � − ��G�seq − �4/5�ln N�−4/5.

�23�

The main difference between condensation under the
stretching force and WLC condensation in 3D is the quasi-
one-dimensional nature of the transition. The applied stretch-
ing force prevents long loop formation and restricted con-
densation by the segments neighboring along the chain �see
Eq. �7� and explanation below�. That is why the growth of
the ith globular domain takes place only at the cost of neigh-
boring i and �i+1�th coiled domains. Thus, when the relative
globule boundary free energy decreases with the globule
size, it compensates by the free increase at the cost of neigh-
boring coiled domains with low propensity to condensation.
It is important to mention that the boundary free energy is
proportional to the surface of the globule while the free en-
ergy increase at the cost of condensation of neighbor coiled
domains is proportional to the volume of globule. That is
why, contrary to the homogeneous case, the heterogeneous
globule has no trend to a maximum possible size globule
formation.

IV. DISCUSSION

We have managed to describe the extended-to-condensed
transition of an insoluble semiflexible polymer as a function
of tension, using the language and methods, previously used
with the Zimm and Bragg model of helix-to-coil transition.
The model we offer allows us to present molecular param-
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eters, such as finite chain length and sequence heterogeneity
that may be measured in experiments involving stretched
DNA condensation by multivalent cations. The model does
not, of course, prove any particular form of DNA/DNA at-
traction nor is the Bragg-Zimm model to be viewed as more
than an enabling procedure with consequent limited meaning
and applicability.

In the thermodynamic limit of an infinite homogeneous
chain, the condensation transition occurs as a first-order
phase transition at a single force value, i.e., critical force. If
the condensation free-energy per unit length is much larger
than the work per unit length for extending the wormlike

chain, kBT / l̃, then the critical force is nearly equal to the
condensation free-energy per unit length. For DNA, this
would involve forces much larger than �0.1 pN. For
smaller forces, the configurational free energy of the
stretched chain becomes significant and the transition occurs
at a reduced force given by Eq. �6�. This interpretation is
equivalent to those used previously to interpret DNA stretch-
ing experiments �5,11�.

For finite length DNA chains, the condensate must have a
finite size, leading to energetic contributions from bending
and surface tension. These effects produce a condensation
transition that occurs over a finite interval at a reduced force.
The precise width that our model predicts for this interval is
difficult to estimate because some molecular parameters, par-
ticularly the surface tension associated with the condensed
state, are not precisely known. However, we can make rough
estimates for the critical force and transition interval using
the surface tension parameter ��3 given in Ref. �37�, the
contour length of lambda-phage DNA L=16.7 �m from the
single-molecule stretching experiments of Ref. �11� and the

persistence length l̃=27 nm given by least-square fitting the
same experimental data to the Marko-Siggia formula. We
predict via Eq. �18� �and expression N= L

l̃
�600� that the

width of transition interval due to finite length effects should
be �f �0.001 pN. This is sufficiently small that, even given
the uncertainty in the microscopic parameters, we expect that
finite length effects are not significant in single-molecule
stretching experiments of micron-sized DNA. This predicts a
much larger effect on the force-distance dependence of
stretched DNA stems from heterogeneity in the interaction
free energies. According to our model, the interval of transi-
tion �f can be estimated using Eqs. �19� and �20�. This pre-
dicts that the �f =0.1–0.2 pN transition intervals would be
observed in experiments with DNA chains with heteroge-
neous free energies of interaction.

V. CONCLUSIONS

We have modeled the collapse of dsDNA in the presence
of extending force, accounting for the finite size of the sys-
tem and the sequence heterogeneity. As shown, it is possible
to formulate the problem in terms of parameters of Zimm
and Bragg model, thus opening room for the application of
long-known methods and approaches used for the description
of helix-to-coil transition. We assume that the conformation
of the whole chain can be represented as a sequence of the

globular and coiled regions and, that the direct interactions
between these ordered and disordered regions can be ne-
glected, due to the presence of extending force. The ap-
proach provides a theoretical language to describe experi-
mental force-distance dependence and helps to interpret the
measured data. If we assume an infinite chain, collapse oc-
curs as a first-order phase transition at a force nearly equal to
the free energy of condensation per unit length. This inter-
pretation is equivalent to those appearing previously �5,11�.
For a finite homogeneous chain the interval of transition is
small, but finite and scales with chain length as �O� 1

N �. For
molecules with N�100, such as those used previously in
experiments, this interval is probably too small to measure.
To describe heterogeneous interactions, similar to those pre-
viously seen in experiments �1,20�, we considered a hetero-
geneous polymer, modeled as a random sequence of mono-
mers with different values for free energy between globular
and coiled phases. In this case, the interval of transition be-
tween the extended and collapsed phases estimates as
�1 / ln N and for our values of system parameters equals
�f �0.1 pN. This value is similar to the transition intervals
seen in experiments that most closely approach equilibrium
conditions �11,14�.
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APPENDIX A: THERMODYNAMICAL LIMIT AND PHASE
TRANSITION

To calculate the partition function of the N particle sys-
tem, let us use the generating function method �see, e.g., in
�26��. In our case the generating function can be written as

��p� = 

N=1




pNZN, �A1�

where p is any complex number. Then the partition function
of the N particle system is calculated as

ZN =
1

2�ı
� dp��p�pN, �A2�

where the contour of integration contains the origin of coor-
dinates, but not the singularities of the function ��p�. Then,
in the thermodynamics limit N→
, the value of ZN is de-
fined by the singularity of the function ��p� closest to the
origin �26�. By taking into account the normalization condi-
tion �2�, the statistical weight s̃Ng�̃n in the Eq. �10� can be
presented as s̃Ng�̃n=�i=1

n w�gi ,ci�, where

w�g,c� = sg exp�cf̃���g �A3�

and
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s = exp��G − �l̃/R�2�

� = exp�− �Gs�Rl̃/d2�1/2� . �A4�

To apply the generating function method, the grand canoni-
cal partition function is rewritten as

� = 

N=1




pN

n=1






�gi,ci�

�
i=1

n

w�gi,ci���

i

�gi + ci� − N	 ,

�A5�

where Dirac � on the right hand side ensures that the overall
system size is N.

As shown in Ref. �26�, �= ��p�
1−��p� , where

��p� = 

g=1




sgpg�
�g


c=1




pc exp�cf̃� , �A6�

and in N→
 limit the value of FN is defined by the nearest
to zero pole p0 of the generating function �A5� as

FN

N
� T log p0. �A7�

The pole p0 is determined from 1=��p0� equation which can
be written as

exp�− f̃� − p0 = p0��sp0,�� , �A8�

where ��sp0 ,��=
g=1

 �sp0�g��g. The solution of Eq. �A8� is

found from the intersection between the exp�− f̃�− p0 and
p0��sp0 ,��. The series ��z ,�� converges if �z��1 and the
function p��sp ,�� has finite value if p=1 /s. Thus the sys-
tem with Hamiltonian Eq. �7� exhibits the phase transition at

some critical value of f̃ ,

exp�− fc� − 1/s =
1

s
��1,�� . �A9�

In the thermodynamic limit, and at forces lower than critical

f̃�f�� f̃�fc�, the free energy is

FN

N
� − T log s . �A10�

The degree of chain condensation to describe the force-
driven transition can be introduced as

	 =
�Ng�

N
, �A11�

where Ng=
i=1
n gi is the total number of “monomers” in the

globular phase and �¯ � is the thermal average. Using Eq.
�10�, the degree of condensation can be written as

	 =
�

� log s
�−

FN

kBTN
	 . �A12�

From Eqs. �A10� and �A12� it follows, that for force values

corresponding to f̃�f�� f̃�fc�, the condensation degree 	=1.

In other words, at these values of f̃ the whole chain is in the
compact phase.

The minimum of free energy is reached at R→
. At the

force values corresponding to f̃�f�� f̃�fc� the whole system
is in the globular phase and the radius R should be large and,
in the thermodynamic limit, infinite.

Finally, at f̃�f�� f̃�fc� the free energy is equal to

FN

N
� − G . �A13�

In the vicinity of z=1 the series ��z ,�� can be asymptoti-
cally estimated as

��z,�� �
2

log���2 −
24 log�1/z�

log���4 + 8 � 5 !
log�1/z�2

log���6 .

�A14�

In the transition point R→
 and the critical force fc is esti-
mated as

f̃�fc� =
G

kBT
. �A15�

For the force values corresponding to f̃�f�� f̃�fc� close
enough to the critical point the free energy can be estimated
as

−
FN

kBTN
� log s + s

e− f̃�f� − e− f̃�fc�

1 + 2
log���2 + 24

log���4

. �A16�

If recall Eq. �A10�, for f̃�f�→ f̃�fc�−0 the first derivative of
the free energy is

�

� f̃
�−

FN

kBTN
	 = 0. �A17�

At the same time the first derivative is equal to

�

� f̃
�−

FN

kBTN
	 = 1 �A18�

for f̃�f�→ f̃�fc�+0. This indicates a discontinuity in the first
derivative of free energy. Therefore the phase transition at

the point f̃�f�= f̃�fc�, defined by Eqs. �6� and �A15�, is of the
first order.

APPENDIX B: FINITE LENGTH CHAIN

From Eq. �10� it follows that partition function depends
on large R and small r radii of torus in globular regions
through the Zimm-Bragg parameters s̃ and �̃ defined in Eq.
�11�

ZN = ZN�R,r� = 

n



�gi,ci�

s̃�R,r�Ng�̃�R,r�n. �B1�

The last expression can be easily transformed to
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ZN = 

n



Ng


�n,Ng�s̃Ng�̃n

= 

n



Ng

exp�Ng ln s̃ + n ln �̃ + ln 
�n,Ng�� , �B2�

where 
�n ,Ng� is the number of ways to arrange the num-
bers �gi ,ci� such as 
igi=Ng and 
ici=N−Ng In the mean-
field approximation

ZN � exp max
n,Ng

�Ng ln s̃ + n ln �̃ + ln 
�n,Ng�� , �B3�

and the free energy of Zimm-Bragg model can be presented
�see, e.g., in �34�� as

�FN�Ng,n,R,r� = Ng�E + nEs − S�N,Ng,n� , �B4�

where S�N ,Ng ,n�=ln 
�n ,Ng� is mixing entropy of the
coiled and globular regions,

E = − ln s̃ = �G + f̃ +
l̃2

R2 �B5�

and

Es = − ln �̃ = �
Rr

l̃d
, �B6�

where p= l̃
d is the parameter that accounts for the rigidity of

dsDNA. The normalization condition �2� can be transformed
as

�gi� =
Ng

n
�

Rr2

l̃d2
, �B7�

where n is the average number of globular regions and Ng is
the average number of monomers belonging to the globular
phase. The free energy Eq. �B4� is minimized with Eq. �B7�
condition using the undefined Lagrange multiplier �. Mini-
mization of the free energy Eq. �B4� over the parameters Ng,
n, R, and r straightforwardly results in

R � l̃�−2/5�Ng

n
	1/5

r � d�1/5�Ng

n
	2/5

, �B8�

where Ng and n are the equilibrium values, minimizing Eq.
�B4�. Using Eq. �B8�, Zimm-Bragg parameter s̃ in Eq. �11�
can be written as s̃=exp�−�Ẽ�, where

�Ẽ � �G + f̃ + �4/5�g
−2/5, �B9�

and �g=
Ng

n is the mean length of the globular domain. The
transition point of cooperative transitions �e.g., helix coil� is
usually defined as the temperature, where the order param-
eter is equal to 1/2, in other words, as the temperature, at
which the half of the system is in ordered state. In the lan-
guage of Zimm-Bragg’s theory, it corresponds to the condi-
tion s̃=1. Thus,

f̃�fc� � − �G − �4/5�g
−2/5. �B10�

The �̃ parameter is responsible for the interval of transition
between completely ordered �globular� and completely dis-
ordered �extended coil� phases.

Different from the usual cooperativity parameter of helix-
coil transition, the parameter �̃ is dependent on the mean
dimensions of tore �R and r� and changing with the growth
of the globular phase. However the interval of transition is
defined mainly by the cooperativity parameter at the mid-
point of transition and, therefore can be approximately con-
sidered as constant.

As reported in �25�, near the transition point s̃=1���̃.
Thus, using Eqs. �B9� and �B10�, the force �f� interval of
transition can be estimated by equation

� f̃�f� � ��̃ . �B11�

To express the interval of transition � f̃ through model pa-
rameters, recall that in N→
 limit �see Appendix A�, the
system exhibits first-order phase transition. The F versus 	
curve exhibits two minima and there is a phase coexistence

in the vicinity of the phase transition point f̃ c. Near the phase
transition the probabilities to find the system in one of two
phases are approximately equal, so

exp�− �Fglob� � exp�− �Fcoil� . �B12�

Here Fglob and Fcoil are free energies of completely globular
and completely extended dsDNA chain, correspondingly.
Thus, within the interval of transition,

�Fglob − Fcoil� �
1

�
. �B13�

Due to the estimate

Fcoil � −
Nf̃�f�

�

Fglob � NG +
�4/5N3/5

�
, �B14�

and since Fglob is independent from the external force value,
with the help of Eq. �B14� the force interval of transition is
found to scale as

� f̃�f� �
1

N
. �B15�

With taking into account Eq. �B11� the last equation gives

�̃ �
1

N2 . �B16�

According to Zimm-Bragg theory �25� in the vicinity of tran-
sition point the average length of ordered region is estimated
as �g� 1

��̃
. With taking into account Eq. �B16� obtaining

�g � N . �B17�

Using estimates from Eqs. �B10� and �B17�,
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f̃�fc� � − �G − �4/5N−2/5. �B18�

APPENDIX C: FINITE LENGTH HETEROGENEOUS
CHAIN

Derivations presented below are based mainly on approxi-
mate approach presented in �26�. For the sake of simplicity
let us suppose that the chain consists of the two type of
subsequences A and B and the A subsequences concentration
is X. Then the free-energy difference between the coiled and
globular phases for the subsequence � is �G�=G�+kBT

� f̃ + l̃2

R2 �, where �=A ,B and R is the mean radius of globular
domain �see Eq. �B8��. G� is the free energy of condensation
of the subsequence �. In the condensed phase DNA stems
are packed into the hexagonal lattice and each stem has six
nearest neighbors. Thus, the free energy of condensation can
be estimated as

GA = − 6��F2� + X�F� ,

GB = − 6��F2� + �1 − X��F� , �C1�

where �F= �F1�− �F2�, F1 is the free energy of attraction be-
tween homologous subsequences and F2 is the free energy of
attraction between heterologous subsequences. It is supposed
F1�F2�0. Thus, if X�1 /2, GA�GB.

Following the approach developed in �26� let us define
function

G�t� = 

�=1

t

��GAX��� + �GB�1 − X����� , �C2�

where X��� is the local concentration of the A subsequences
in the point �. G�t� is the free-energy difference between the
coiled and globular states in the long domain of the length
t�1. It can be transformed as

G�t� = t���GX�seq + ��t��G� , �C3�

where ��GX�seq=XGA+ �1−X�GA+kBT� f̃ + l̃2

R2 � is the mean
value of the free-energy difference between coiled and
globular states, ��t�= 1

t 
�=1
t ��t� and ��t� is the deviation of

the local concentration X��� from X. For the long enough
domain �t�1� G�t�� t��GX�seq. The critical force value fc is
defined by condition

0 = ��GX�seq� f=fc
�C4�

Thus, the critical force value fc is satisfied by equation

f̃�fc� = − ��G�seq −
l̃2

R2 , �C5�

where �G�seq=XGA+ �1−X�GA. Taking into account Eq. �C4�
the mean value of the free energy difference between coiled
and globular states is found as

��GX�seq = kBT� f̃ − f̃X� = kBT� f̃X, �C6�

where f̃X=Xf̃A+ �1−X� f̃B and f̃�=−�G�− l̃2

R2 . The free energy
of globularization of domain of the length l is

�G�l� = G�t + l� − G�t + l� + Fs, �C7�

where Fs=− 1
� ln �̃ is the boundary free energy of a torous

globule. According to Eq. �B16� it can be considered as con-
stant, Fs� ln N. The fluctuation of concentration necessary
for globularization of domain of the length l is defined by
condition �G�l�=0 and

��l� =
kBT� f̃X + Fsl

−1

kBT� f̃
, �C8�

where � f̃ = f̃A− f̃B and f̃�=−�G�− l̃2

R2 . The probability distri-
bution for the random variable ��l� can be estimated as
GAUSSIAN,

Pl��� = �2�
2

l
	−1/2

exp�−
l�2

2
2	 , �C9�

where 
2=X�1−X�. Thus, the probability of formation of
globular domain of the length l is found,

Pl �
1
�l

exp�−
�kBT� f̃X

�l + Fsl
−1/2�2

2
2�kBT�2�� f̃�2
	 . �C10�

The probability distribution Eq. �C10� has a sharp maximum
at the lmax=

Fs

kBT� f̃X
and can be approximated as

Plmax
� exp�−

f̃ − f̃X

2� f̃
	 , �C11�

where � f̃ is the width of transition,

� f̃ =

2kBT��f�2

Fs
= 
2���G�2 1

�ln �̃�
�C12�

and �G=GA−GB. The described above approach is approxi-
mate and the mean length of ordered domain �g can be esti-
mated more precisely than lmax as

�g �
�ln �̃�2


2���G�2 �C13�

using the method developed in �34�.
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